Abstract. A fundamental understanding of the effect of a surface on the resonance frequency of bubbles will be useful in the future development of diagnostic medical ultrasound equipment. In this paper we look at wall effects on the nonlinear resonance frequency response of air bubbles in water, continuing from an earlier paper which dealt with the linear response (E. M. B. Payne, S. Illesinghe, A. Ooi, and R. Manasseh, J. Acoust. Soc. Am. 118, 2841-2849). Numerical results for micron-sized bubbles near a rigid boundary are presented, showing a shift in frequency due to the boundary, and nearby bubbles, and a significant reduction in the amplitude of oscillations at resonance. Time delay effects are also included, which show a damping of the frequency response. Simulations are limited to the case where all bubbles oscillate in phase. An experimental method for measuring the resonance response of an air bubble attached to a surface is also outlined.
INTRODUCTION
Nonlinear oscillations of bubbles have been studied extensively over the years ( [1] [2] [3] [4] [5] ). Understanding the various mechanisms and types of nonlinear behaviour is important in the field of ultrasound diagnostics, where coated microbubbles (contrast agents) are injected into the body and excited with ultrasound in order to highlight blockages. In targeted contrast imaging the idea is to target these agents to specific cells. Because of the surface to which the microbubbles are attached, the scattered response will be different from freely flowing agents ( [6-8]) . The difference provides a means to diagnose, and possibly treat tiny metastatic tumors ( [9, 10] ). We investigate the nonlinear frequency responses of relatively large air bubbles in water. Large bubbles (100 μm) are used, primarily to gain a qualitative understanding of bubble-bubble and bubble-wall effects (with and without time delay), but also for ease of experimental comparison.
THEORY
We use the Rayleigh-Plesset equation of the following form with a summation term that that represents bubble-bubble coupling,
where R i is the time dependent radius of bubble i, p ext (t) is the driving pressure signal, ρ is the density of liquid water, r i j is the distance between the centers of bubbles i and j, p v is the vapor pressure, P 0 is the atmospheric pressure, σ is the surface tension, R i0 is the equilibrium radius of bubble i, and μ is viscosity. All bubbles oscillate spherically in an unbounded liquid domain. A rigid wall is modelled by a mirror image of the real bubble-system [7] . The distance between the center of bubble i and the wall is denoted D i , and s i j = (r 2 i j + 4D 2 i ) 1/2 is the distance between the centers of bubble i and the mirror image of bubble j. For simplicity we assume D i = D. Equation (1) then becomes
where the second and last term on the RHS denote the amplitude of the sound emitted by the mirror image of bubble i, and bubble j and its mirror image, respectively. Time delay is modelled by assuming finite sound propagation between bubble i and bubble j. No time delay is modelled between image bubbles, nor is time delay modelled between bubble i and the image of bubble j. Thus equation (3) becomes
where τ = r i j c represents the time delay between bubble i and bubble j, and c is the speed of sound in water. For simplicity we assume all bubbles oscillate in phase (R i = R j = R), have identical equilibrium radii (R i0 = R j0 = R 0 ), and are equidistant (r i j = r), resulting in a single nonlinear ODE,
where d(R 2Ṙ )/dt = 2RṘ 2 + R 2R , and N bub is the number of bubbles in the system. Equation (5) is valid for N bub ≤ 3.
RESULTS
The effect of a surface is to shift the main resonance frequency towards lower frequencies, as shown in Fig. 1 (a) . The same is true for the harmonics and subharmonics. As the distance to the boundary decreases, the mass loading increases, further decreasing the resonance frequency. A decrease in R max is also evident. Figure 1 (b) shows the effect of number of bubbles on the frequency response, for up to N bub = 3. As the number of bubbles in the system is increased, the resonance peak shifts towards lower frequencies. This can also be explained by the fact that nearby bubbles add to the effective mass of the system and thereby lower the resonance frequency, as is the case for linear theory [7] . Furthermore, R max decreases as N bub increases.
The effect of time delay on the frequency response for N bub = 2 and N bub = 3 is shown in Fig. 2 . In both cases there is no obvious shift in the frequency response, but there is a significant reduction in R max around the main resonance peak. This is also true for the harmonics and subharmonics of the system. In the case of N bub = 3, the subharmonic near f ext / f 0 = 1.8 appears completely damped. Previous studies (e.g., [11] ) show that time delay alters the damping rather than the resonance frequency of the system. To confirm this for all parameter values a more in-depth investigation is required.
EXPERIMENTS
Holt and Crum [4] give experimental results for the resonance response of a forced, acoustically levitated air bubble in water, around the second harmonic peak. However there appears to be no equivalent study for the nonlinear frequency response of bubbles near or on a surface. The aim of the experiments therefore is to determine the resonance response of single and multiple bubbles attached to a surface. Images of the bubble during its oscillation cycle are captured using a CCD camera attached to a microscope. A strobed LED provides illumination and is triggered once every period of the external driving signal, and can be delayed by up to one complete cycle in order to reconstruct the bubble dynamics. The maximum and minimum bubble radii are captured, as well as the equilibrium bubble radius. To obtain a resonance response this process is carried out over a range of bubble sizes at a fixed driving frequency. Any peaks in the response are then taken to be the system's resonance frequency.
CONCLUSIONS
We have shown that a rigid surface causes a distinct shift in the nonlinear frequency response of a system of bubbles. As the surface is brought closer to the bubbles, the shift is enhanced. The same is also true as one increases the number of bubbles. A decrease in the magnitude of the resonance peaks is also evident, due to the increased mass loading. The inclusion of time delay was shown to significantly dampen the bubble's frequency response, and may help to explain experimental results. Future experimental work will be carried out to compare trends in the frequency response with those of theory, and ultimately to help in the area of medical diagnostics.
